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Abstract
Banaschewski [B. Banaschewski, Über nulldimensionale Räume, Math. Nachr. 13 (1955) 129–
140], Monna [A.F. Monna, Remarques sur les métriques non-Archimédiennes. I, II, Indag. Math. 53
(1950) 122–133, 179–191], van Rooij [A.C.M. van Rooij, Non-Archimedean uniformities, Kyung-
pook Math. J. 10 (1970) 21–30; A.C.M. van Rooij, Non-Archimedean Functional Analysis, Marcel
Dekker, 1978] and others have studied non-Archimedean spaces in several different categories. In
the present paper we propose a general categorical approach in order to introduce non-Archimedean
objects in arbitrary well-fibred topological categories. We show that these subcategories of non-
Archimedean objects can always be represented as coreflective subcategories of the category NA
of non-Archimedean spaces (introduced in [D. Deses, E. Lowen-Colebunders, On completeness in
a non-Archimedean setting, via firm reflections, Bull. Belg. Math. Soc. (Special volume) (2002)
49–61]). Hence the category of non-Archimedean spaces can be viewed as a supercategory con-
taining the non-Archimedean objects of any well-fibred topological construct. Moreover, in the case
where this representation yields a hereditary subcategory of NA, we will be able to show the existence
of a firm U -reflective subcategory (in the sense of [G.C.L. Brümmer, E. Giuli, A categorical concept
of completion of objects, Comment. Math. Univ. Carolin. 33 (1992) 131–147; G.C.L. Brümmer,
E. Giuli, H. Herrlich, Epireflections which are completions, Cahiers Topologie Géom. Différentielle
Catégoriques 33 (1992) 71–73]) of complete non-Archimedean objects.
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In non-Archimedean (p-adic) analysis ultrametric spaces play a central role. An impor-
tant feature of such spaces is that the set of all balls of equal radius forms a partition of
the underlying set. From this it follows that the underlying topological structure is zero-
dimensional and totally disconnected.
In [12] Monna introduced non-Archimedean uniform spaces based on these proper-
ties and in [3] these spaces were more closely studied by B. Banaschewski. Consequently
non-Archimedean spaces and zero-dimensional spaces were further scrutinized in [16,17],
where van Rooij stated that both kinds of spaces “have drawn little attention and they have
lived an obscure existence being considered as more or less pathological objects—Stone
spaces are virtually the only kind of zero-dimensional spaces that have been studied”. In
both [12] and [3] the authors stress the fact that “non-Archimedean uniform spaces and
zero-dimensional topological spaces belong to the part of general topology, described by
equivalence relations”.
In this paper our aim is to put this view of the “non-Archimedean”-like spaces in a
categorical setting. Our main result will show that in a well-fibred topological construct
the full subcategory of “non-Archimedean”-objects can always be seen as a subcategory
of the category NA of non-Archimedean spaces, introduced in [6]. Hence any “non-
Archimedean”-object of a well-fibred topological construct can be described by means of a
certain collection of partitions. This representation for the “non-Archimedean”-objects of
a topological category will enable us to formulate a condition under which the full subcate-
gory of “non-Archimedean”-objects possesses a firm U -reflective subcategory of complete
objects.
Throughout this paper we will use the following terminology. In a well-fibred topo-
logical construct X, in the sense of [1], the underlying functor will be U : X → Set. We
will write an object as X and sometimes we will refer to it’s underlying set UX by means
of X. The class of all discrete X-objects will be written as DX. For any class A of X-objects
RX(A) will denote the concretely reflective hull of A in X. In the same way the epireflec-
tive hull will be written as EX(A). All subcategories will be full subcategories and by a
hereditary subcategory C of X we mean a subcategory such that if the codomain of an
X-embedding is a C-object then its domain is also an C-object. As a well-fibred topologi-
cal construct X has a subcategory of T0-objects, i.e. of objects X such that every morphism
f : I 2 → X, from the indiscrete two point object I 2, is constant [11]. We will write this
subcategory as T0X or shortly X0. Finally, a category Y will be Emb Y-cogenerated by a
class P of objects, if every Y-object Y is a subspace of a product of P-objects (i.e. there
exists an Y-embedding of Y into some
∏
i∈I P i , P i ∈ P, i ∈ I ).
Next, we recall some facts about the category NA of non-Archimedean spaces. As
usual we say that for a set X, a cover P refines another cover P ′ (P < P ′) if and only
if ∀P ∈P: ∃P ′ ∈P ′: P ⊂ P ′.
Definition 1. A non-Archimedean space X is a set X and a non-empty set νX of partitions
of X such that whenever a partition P ′ of X is refined by some P ∈ νX , then P ′ ∈ νX .
A function f :X → Y between non-Archimedean spaces is called uniformly continuous if
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functions form a category, which we shall denote by NA.
Remark 1. Using the terminology of [10,9], we see that every partition starrefines itself.
Therefore every non-Archimedean space provides a base for a pre-nearness space in the
sense of [9], in fact NA is isomorphic to the category of non-Archimedean uniform pre-
nearness spaces. Moreover, in the case where νX is closed under the operation ∧ given
by P ∧Q= {P ∩ Q | P ∈ P, Q ∈Q}, it generates a uniform nearness space in the sense
of [10], which can be shown to be equivalent to a non-Archimedean uniform space [3,12,
16,17]. For more about the category NA we refer the reader to [6].
It is easy to see that NA is a well-fibred topological construct in the (sense of [1]),
where the initial structure for a structured source (fi :X → X i)i∈I is given by {{f−1(P ) |
P ∈ Pi} | Pi ∈ νX i , i ∈ I } ([6]). The full subcategory of T0 NA-objects will be denoted by
NA0. Moreover it is easily seen that for a non-Archimedean space X the source given by all
NA-morphisms from X to discrete spaces, is initial. Hence we have that NA =RNA(DNA)
and NA0 = ENA(DNA).
2. Firm U -reflective subcategories
Later on we will use our main result to draw conclusions about the existence of “com-
plete” objects in the epimorphic hull of the discrete objects of a topological category. When
introducing a concept of “complete” object in a categorical sense one tries to copy the ex-
emplary behavior of completeness in Unif0. In this case the complete Hausdorff uniform
spaces form a reflective subcategory, such that the reflection of a Hausdorff uniform space
is a dense embedding, i.e. an epimorphic embedding. Moreover if a Hausdorff uniform
space is densely embedded into two complete Hausdorff uniform spaces, they are neces-
sarily isomorphic.
This has lead G.C.L. Brümmer and E. Giuli to the concept of firm U -reflective sub-
category [4,5] of a complete well-powered category X, which can be considered as the
subcategory of complete objects of X. Such a subcategory is a reflective, full subcategory
(with reflection functor R), for which the reflection rX :X → RX of an X-object belongs
to a given class of X-morphisms U . Moreover one asks that the “completion” is unique in
the sense that a morphism u :X → Y is in U if and only if Ru :RX → RY is an isomor-
phism. If such a firm U -reflective subcategory exists, it is unique and coincides with the
full subcategory Inj(U) given by the U -injective objects of X, where an object J is called
U -injective if for all (u :X → Y ) ∈ U and morphisms f :X → J there exists a morphism
f ′ :Y → X, extending f along u: f ′ ◦ u = f . We will consider the special case where
U = UX is the class of epimorphic embeddings of X. In this case one obtains the following
theorem from [4,5].
Theorem 1. Let X be a complete, well-powered construct, then X admits a firm
UX-reflective subcategory R if and only if there is a class P consisting of UX-injective
objects which Emb X-cogenerates X.
In this case R = EX(P) = Inj(UX).
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DNA of discrete non-Archimedean spaces, which are UNA0 -injectives. Hence, by the above
theorem, NA0 has a unique firm UNA0 -reflective subcategory CNA0 = ENA0(DNA).
Theorem 2. Let X be a well-fibred topological construct and C a hereditary coreflective
subcategory of X which contains the indiscrete two-point object I 2. Suppose P is a class
of UT0X-injective C-objects in T0X, which EmbT0X-cogenerates T0X. If B is one of T0X
or T0C, then B admits a unique firmly UB-reflective subcategory CB. Moreover
CB = Inj(UB) = EB(P).
We schematize this result as follows:
X
c T0X
c
CT0X
= Inj(UT0X) = ET0X(P)UT0X-firm
C
T0C CT0C
= Inj(UT0C) = ET0C(P)UT0C-firm
P
Emb T0X-
cogen.
EmbT0C-
cogen.
Proof. First, we remark that C is also a well-fibred topological category. The initial lifts are
given by the coreflection of initial lifts in X. From [11] we know that the subcategories of
T0-objects T0X and T0C are initially structured. Moreover since I 2 ∈ |C| we have T0C =
T0X ∩ C.
From these observations, combined with the fact that C is hereditary in X, we con-
clude that the T0C-embeddings are exactly the T0X-embeddings between T0C-objects. It
also follows, since T0X is EmbT0X-cogenerated by the class P of C-objects, that T0C is
EmbT0C-cogenerated by P.
Next we look at the epimorphisms in T0X and T0C. For this we consider the regular
closure introduced in [7]. Since both T0X and T0C are cogenerated by P the respective
associated regular closures are given by:
regT0XX (M) =
{
x ∈ X | ∀f,g :X → PT0X-morphism:
f = g 
⇒ f (x) = g(x), P ∈ P},|M |M
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{
x ∈ X | ∀f,g :X → PT0C-morphism:
f|M = g|M 
⇒ f (x) = g(x), P ∈ P
}
for any X-object X and M ⊂ X. In the case where X is a T0C-object one obtains equality
between these closures. From [7] we know that the epimorphims in T0C and T0X are
exactly the dense-morphisms (with respect to the appropriate regular closure). Hence the
T0C-epimorphisms are exactly the T0X-epimorphisms between T0C-objects.
Combining the previous results we see that UT0C = UT0X ∩ Mor T0C. It follows that P
is a class of UT0C-injective objects.
Since T0X and T0C are initially structured [11], hence complete and well-powered,
and since they are both cogenerated by the class P of UT0C (respectively UT0C) injectives,
applying Theorem 1 in both cases yields the result. 
Example 2. The category NAUnif of non-Archimedean uniform spaces can be described
as the full subcategory of NA, consisting of the objects defined in Remark 1. As a heredi-
tary coreflective subcategory of NA containing I 2, we can apply the previous theorem.
Hence NAUnif0 has a unique firm UNAUnif0 -reflective subcategory, which is in fact the
subcategory of complete non-Archimedean Hausdorff uniform spaces.
3. Subcategories of non-Archimedean objects
In this section we will attempt to give a categorical notion of “non-Archimedean”-ness.
Let us first consider the two classical categories: Top and Unif. In these cases it is well
known that
RTop(DTop) = 0Top,
RUnif(DUnif) = NAUnif
where 0Top is the subcategory of zero-dimensional topological spaces and NAUnif is the
subcategory of non-Archimedean uniform spaces introduced by Monna [12]. Inspired by
these typical examples, we introduce the following for an arbitrary well fibred topological
category X.
Definition 2. We define the (full) subcategory NAX of X as the concretely reflective hull
RX(D) of the discrete X-objects.
Evidently NAX is a well-fibred topological subconstruct of X. As such, both X and
NAX have a full subcategory of T0-objects. We will write these as T0X and NA0X. The
following result is easily obtained.
Proposition 1.
(1) |NA0X| = |NAX| ∩ |T0X|;
(2) NA0X = EX(DX).
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P and Q be isomorphism closed classes of X-objects a (P-) connectedness and a (Q-)
disconnectedness are defined as follows:
CP = {X ∈ |X| | every X-morphism f :X → P with codomain in P is constant},
DQ = {X ∈ |X| | every X-morphism f :Q → X with domain in Q is constant}.
The objects in the connectedness CDX will be called connected and the ones in DCDX
totally disconnected.
Proposition 2. |NA0X| ⊂DCDX.
Proof. Let X ∈ |NA0X| and Y ∈ CDX and consider a morphism f :Y → X. Since X ∈
EX(DX), it is a subspace of a product, i.e. there is an embedding e :X →∏i∈I D i , with
D i ∈ DX. Since Y ∈ CDX the morphism pri ◦f :Y → D i must be constant, for each i ∈ I .
Hence f must also be constant. 
Which shows that our non-Archimedean T0-objects are always disconnected. This of
course implies the well-known results about connectedness of zero-dimensional T0 topo-
logical spaces and non-Archimedean Hausdorff uniform spaces.
4. A representation of non-Archimedean objects
We will embed the subcategory NAX introduced in the previous paragraph in the
category NA. Hence NA can be considered as the largest “non-Archimedean” category.
To obtain this result we define, for an object X in NAX, the class of Set-morphisms
D(X ) = {Uf :X → D | f :X → D is an X-morphism, D ∈ DX}
and consider the initial lift in NA of the structured source
(f :X → D )f∈D(X ).
Note that this time D is the discrete NA-object on the codomain of f ∈ D(X ). Thus we
obtain the non-Archimedean space (X, ν(X )) where the collection of partitions is ν(X ) =
{{f−1(d) | d ∈ D} | (f :X → D) ∈ D(X )}. We can now define the following functor:
FNA : NAX → NA,
X → (X,ν(X )),
f :X → Y → FNA(f ) :FNA(X ) → FNA(Y )
where FNA(f )(x) = f (x).
Proposition 3. FNA : NAX → NA is indeed a functor, which preserves discrete objects.
Proof. By definition it is clear that FNA(X ) is a NA-object. Let f :X → Y be a NAX-
morphism. For any NAX-morphism g :Y → D with Ug ∈ D(X ), g ◦ f :X → Y → D is
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hence {g−1(d) | d ∈ D} ∈ ν(Y ), we have that {f−1(g−1(d)) | d ∈ D} = {(g ◦ f )−1(d)) |
d ∈ D} ∈ ν(X ). Thus FNA(f ) is a NA-morphism. Finally it is obvious that FNA(g ◦ f ) =
FNA(g) ◦ FNA(f ).
Suppose X = DX is the discrete NAX-object on the set X, then 1X ∈ D(X ). Therefore
1X :FNAX → DX is a NA-morphism, hence FNAX = DX in NA. 
Theorem 3. FNA : NAX → NA is a concrete full coreflective embedding.
Proof. First we show that FNA is injective on objects. We consider two district NAX-
objects X and X′ with the same underlying set X. Since X = X′ we can assume with-
out loss of generality that there is a NAX-morphism f :X → D such that Uf ∈ D(X )
and Uf /∈ D(X′). If ν(X ) = ν(X′), this implies that {f−1(d) | d ∈ D} ∈ ν(X′), hence
there is a NAX-morphism g :X′ → D′ such that Ug ∈ D(X′) and {g−1(d ′) | d ′ ∈ D′} <
{f−1(d) | d ∈ D}. For each d ′ ∈ D′ there exists a point h(d ′) ∈ D such that g−1(d ′) ⊂
f−1(h(d ′)), this defines a Set-morphism h :D′ → D which can be lifted to a NAX-
morphism h :D′ → D between discrete objects. We now consider the NAX-morphism
h ◦ g :X′ → D, for which U(h ◦ g) ∈ D(X′). For each x ∈ X and d = h ◦ g(x) we have
that x ∈ g−1(h−1(d)) ⊂ f−1(h(h−1(d))) = f−1(d). Therefore f (x) = d = h ◦ g(x), im-
plying Uf = U(h ◦ g) ∈ D(X′) which contradicts Uf /∈ D(X′). Hence ν(X ) = ν(X′) and
FNA is injective on objects.
Concreteness and faithfulness follow immediately from the definition of FNA.
In order to prove fullness, we consider an NA-morphism f :FNAX → FNAY . For
a (g :Y → D) ∈ D(Y ) we know that g ◦ f :FNAX → D is a NA-morphism. Hence
there is a NAX-morphism (f ′ :X → D′) ∈ D(X ) such that {f ′−1(d ′) | d ′ ∈ D′} =
{(g ◦ f )−1(d) | d ∈ D}. Using this we can choose a NAX-morphism h :D′ → D such
that (g ◦ f )−1(h(d ′)) = f ′−1(d ′) for each d ′ ∈ D′. Then g ◦ f = h ◦ f ′ :X → D is a
NAX-morphism. Hence by initiality of the source (g :Y → D )g∈D(Y) in NAX, f :X → Y
is a NAX-morphism.
Coreflectiveness will be proven in Theorem 5. 
Proposition 4. The above embedding restricts to FNA : NA0X → NA0.
Proof. If X ∈ EX(DX), then D(X ) is point-separating. Hence for different points x, y ∈ X
there is a (f :X → D) ∈ D(X ), such that f (x) = f (y). Hence there exist disjoint
f−1(dx), f−1(dy) ∈ {f−1(d) | d ∈ D} ∈ ν(X ) such that x ∈ f−1(dx) and y ∈ f−1(dy).
Therefore FNA(X ) is a T0-object in NA. 
Next we consider the following construction. For an object X in NA we define the class
of Set-morphisms
D∗(X ) = {Uf :X → D | f :X → D is an NA-morphism, D ∈ DX}
and consider the initial lift in NAX of the structured source
(f :X → D )f∈D∗(X ).
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codomain of f ∈ D∗(X ). With this construction we define the following functor:
G : NA → NAX,
X → X∗,
f :X → Y → G(f ) :X∗ → Y ∗
where G(f )(x) = f (x).
Proposition 5. G : NA → NAX is a concrete functor.
Proof. Clearly GX is a NAX-object. Next, suppose f :X → Y is a NA-morphism, then
for (Ug :Y → D) ∈ D∗(Y ); g ◦ f :GX → D is a NAX-morphism. Using the initiality (in
NAX) of the source (g :GY → D )g∈D∗(Y ) we see that f :GX → GY is indeed a NAX-
morphism, hence G is a well-defined concrete functor. 
Using the definitions and notations of [1] we obtain the following adjoint situation.
Theorem 4. (η, ε) :FNA  G : NA → NAX is an adjoint situation. The unit η : 1NAX →
GFNA is given by
ηX = 1X :X → GFNAX
where X ∈ |NAX|, and the co-unit ε :FNAGX → 1NA by
εX = 1X :FNAGX → X
where X ∈ |NA|.
Proof. We show that 1X :X → GFNAX is indeed a NAX-morphism. Suppose
f :FNAX → D is NA-morphism, then by the fullness of FNA, f = f ◦ 1X :X → D is
a NAX-morphism. Using the initiality of the source (f :GFNAX → D )f∈D∗(FNAX) in
NAX we see that 1X :X → GFNAX is a NAX-morphism.
Next, consider 1X :FNAGX → X and suppose that f :X → D is a NA-morphism.
Obviously f :GX → D is a NAX-morphism, hence f = 1X ◦ f :FNAGX → D is a NA-
morphism. Thus, by the initiality of (f :X → D )f∈D(X ) in NA, 1X :FNAGX → X is
a NA-morphism.
The adjoint situation follows since FNA and G are both concrete functors. 
5. Firm U -reflective subcategories in the non-Archimedean setting
From now on we will write NAX for the full subcategory of NA defined by the class
of objects {FNAX | X ∈ NAX}. We define NAX0 in a similar way. We know from [6] that
RNA(DNA) = NA. Since, for any well-fibred topological construct X, DNA is contained in
NAX, it is clear that NAX can only be a concretely reflective subcategory of NA if it is NA
itself. However we have the following theorem.
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of NA, containing the two-point indiscrete NA-object.
Proof. Let X be a non-Archimedean space, from Theorem 4 we know that 1X :FNAGX →
X is a NA-morphism. Suppose g :FNAY → X is a NA-morphism, we obtain the following
diagram.
FNAY
g
g
X
FNAGX
1X
In order to prove that g :FNAY → FNAGX is a NA-morphism, we consider an arbi-
trary NA-morphism f :X → D, hence f :GX → D is a NAX-morphism. In this case
f :FNAGX → D is a NA-morphism, as is f ◦g :FNAY → D. So f ◦g :Y → D is a NAX-
morphism by the fullness of FNA. Since (f :GX → D )f∈D∗(X ) is initial in NAX we have
that g :Y → GX is a NAX-morphism. Applying FNA we obtain that g :FNAY → FNAGX
is a NA-morphism. Hence the coreflectiveness is proven.
Since D(I 2) contains only constant maps, FNAI 2 is the two-point indiscrete NA-
object. 
Finally, in combination with Theorem 2 this result yields the following.
Theorem 6. In a well-fibred topological construct X the subcategory NA0X possesses
a firm UNA0X-reflective subcategory whenever NAX is a hereditary subcategory of NA.
6. Examples
6.1. Topological spaces
In the case where X = Top it is well known that NATop is the full subcategory 0Top
of zero-dimensional topological spaces. Furthermore NA0Top = 0Top0, which has only
totally disconnected objects. Remark that, in this case, the category of totally disconnected
topological spaces is different from the zero-dimensional T0 spaces. The subcategory
NATop is given by the non-Archimedean spaces X for which the following conditions
are satisfied:
P partition of X
∀P ∈ P: ∃Qi ∈
⋃
νX: P =
⋃
i∈I
Qi

 
⇒ P ∈ νX
and
P,Q ∈ νX 
⇒ P ∧Q ∈ νX.
Since 0Top0 does not have a firm U0Top0 -reflective subcategory, it follows that NATop is
not hereditary in NA. This is illustrated by the NATop-space N∞ on N∪ {∞}, where νN∞
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subspace Y on the subset Y =N does not satisfy the first condition, sinceQ= {{n} | n ∈N}
is a partition of Y which is not in νY .
6.2. Closure spaces
For the category of closure spaces Cl [7] we obtain in a similar way that NACl = 0Cl
and NA0Cl = 0Cl0 which is a proper subcategory of the full subcategory of totally discon-
nected closure spaces. Moreover X ∈ |NACl| if and only if
P partition of X
∀P ∈ P: ∃Qi ∈
⋃
νX: P =
⋃
i∈I
Qi

 
⇒ P ∈ νX.
Again, using the same reasoning as before, this subcategory of NA is not hereditary.
6.3. Uniform, nearness and pre-nearness spaces
As stated in Remark 1, NA itself is isomorphic to the category of non-Archimedean pre-
nearness spaces, hence NAPNear = NA. Moreover since NANear = NAUnif = NAUnif,
NANear is a coreflective hereditary subcategory of NA. Both NAPNear and NANear have
firm reflective subcategories of complete spaces which have been studied in [6] and [3,12,
16,17].
6.4. Affine sets
The previous examples are well-known “non-Archimedean”-like spaces, which have
been studied earlier. Next we look at a new kind of non-Archimedean objects.
In [8] Giuli introduces the category SSet of affine sets. An affine set X is a pair (X,UX),
where X is a set and UX ⊂P(X), in order to obtain a well-fibred topological construct we
also ask that ∅,X ∈ UX . A function f :X → Y between affine sets X and Y is an affine
map if for all U ∈ UY , f−1(U) ∈ UX . The category SSet of affine sets and affine maps is
a well-fibred topological construct, with the obvious forgetful functor. The initial lift of a
structured source (fi :X → X i)i∈I is given by the structure {f−1i (U) | U ∈ UX i , i ∈ I }
and discrete objects are of the form DX = (X,P(X)).
For a SSet-object X we have X ∈ |NASSet| if and only if A ∈ UX implies X \A ∈ UX .
We will write CO instead of NASSet. It is easily seen that the T0-objects of CO are those
CO-spaces X such that for each two points x and y there is an A ∈ UX for which x ∈ A
and y /∈ A. These T0-objects induce the category CO0. From the results we developed
earlier we know that these objects are always totally disconnected, in fact we have more:
a SSet-space X is connected if and only if there is no proper A ⊂ X such that A ∈ UX and
X \A ∈ UX . Hence any totally disconnected affine set is a CO0-object. From this it follows
that |NA0SSet| = |CO0| = |DCDSSet|.
Finally, a NA-space X is a NASSet-space if and only if
P partition of X
P ⊂
⋃
νX
}

⇒ P ∈ νX.
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NASSet-space on {1,2,3,4}, such that any P ∈ νY is refined by one of the partitions
P1 = {{1,2}, {3,4}},P2 = {{1,3}, {2,4}} or P3 = {{2,3}, {1,4}}. The subspace X on
{1,2,3} is not a NASSet-space. Hence we cannot draw any conclusion on existence of a
firm UCO0 -reflective subcategory of CO0.
6.5. Pseudometric spaces
The previous examples always yield the results we suspected. However when we con-
sider the archetype of “non-Archimedean” structures, the ultrametric space, we encounter
some problems. First of all the category of metric spaces (whether considered with con-
tinuous maps or with contractions) is not topological, hence it does not fit our setting. One
way to go around this is by considering the category pMet∞ of (extended) pseudometric
spaces and contractions, which contains the ultrametric spaces. pMet∞ is a well-fibred
topological construct, where the initial lift of the structured source (fi :X → X i)i∈I is
given by the pseudometric defined by ψ(x, y) =∨i∈I ψX i (fi(x), fi(y)). The discrete ob-
ject on a set X in this category is given by the pseudometric ψ∞(x, y) =
{∞ x = y,
0 x = y.
The space with pseudometric ψa(x, y) =
{
a x = y,
0 x = y on a set X, does satisfy the strong
triangular inequality, hence one could expect it to be non-Archimedean. However, we have
the following proposition.
Proposition 6. For a pseudometric space X we have X ∈ CDpMet∞ if and only if for every
two points x, y ∈ X, ψX(x, y) < ∞.
Proof. Suppose that ψX is finite and consider the contraction f :X → D, where
D is discrete. Since f is a contraction, ψ∞(f (x), f (y))  ψX(x, y) < ∞. Hence
ψ∞(f (x), f (y)) = 0, so by definition of ψ∞, f must be constant.
Conversely, suppose there are two points x and y at infinite distance from each-
other. Consider the sets Ax = {z | ψX(x, z) = ∞} and Ay = {z | ψX(y, z) = ∞}. First
Ax ∪Ay = X, else there would be a z such that both ψX(x, z) and ψX(y, z) are finite, hence
by the triangular inequality ψX(x, y) would also be finite. If Ax ∩Ay = ∅ the function de-
fined by f|Ax = 0, f|Ay = 1 yields a contraction f :X → D 2, which is not constant. In the
case B = Ax ∩Ay = ∅ one considers the function f given by f|B = 0 and f|X\B = 1, which
gives a non-constant contraction f :X → D 2. Hence in either case X /∈ CDpMet∞ . 
From this it follows that there are T0 ultra-pseudometric spaces which are connected,
hence they cannot be in NA0pMet∞. Moreover one also has the following.
Proposition 7. For a pseudometric space X we have X ∈ DCDpMet∞ if and only if it is
discrete.
Proof. From [2,15] we know DpMet∞ ⊂DCDpMet∞ . If X is not discrete there exists two
points x and y such that a = ψX(x, y) is finite. Then by the previous proposition Y =
D. Deses / Topology and its Applications 153 (2005) 774–785 785(X,ψa) is connected. The function defined by means of f (z) =
{x x = z,
y x = z yields a non-
constant contraction f :Y → X. Hence X /∈DCDpMet∞ . 
From this we see that DpMet∞ ⊂ NA0pMet∞ ⊂ DCDpMet∞ = DpMet∞ , so
NA0pMet∞ = DpMet∞ . Therefore, in this case, ultra-pseudometric spaces are not non-
Archimedean-objects.
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